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1 Introduction 

The purpose of this note is primarily, to make the reader able to do portfolio optimization in Excel. This 

note describes a series of methods for determining the optimal combination of assets in a portfolio, as well 

as deriving the capital market line in practice and combining portfolio optimization with investor 

preferences. One can consider this as guidelines on how to implement Markowitz modern portfolio theory 

in Excel. 

 

The manual introduces the basics of matrix calculations in Excel in chapter 2 explaining how to use the 

specific matrix functions in Excel. In addition to this a brief description is provided on how matrix functions 

in Excel can be used to solve linear equation systems. Knowledge of matrix functions and of general matrix 

calculations is a prerequisite for full understanding and being able to implement portfolio optimization in 

Excel. 

 

The portfolio optimization process is described in chapter 3. First, methods for calculating the return of 

assets and covariance matrices are outlined. These calculations are essential and form the foundation for 

the subsequent analysis. The portfolio optimization is then presented in a series of different calculation 

methods: The Black’s method, the Lagrange’s method and the solver method, of which Black’s method is 

most common. A method for including a short sale restriction is introduced with the solver method. 

 

The portfolio optimization chapter builds on a recurring example that is used throughout the chapter. The 

spreadsheets that are used can be found on the IKT department’s manuals pages for Excel 2003 and Excel 

2007: http://asb.dk/studinfo/ikt/itvaerktoejer/manualer.aspx or directly at: 

http://aln.hha.dk/ita/manualer/excel/EXCEL_MATRICEREGNING_OG_PORTEFOELJEOPTIMERING.pdf. This 

material is accessible by all students and employees. 

 

Comments or improvement suggestions to this note are very welcome. Please, do not hesitate to e-mail 

analyse@asb.dk or visit the IKT Servicedesk in H14. 

 

 

 

 

 

 

http://asb.dk/studinfo/ikt/itvaerktoejer/manualer.aspx
http://aln.hha.dk/ita/manualer/excel/EXCEL_MATRICEREGNING_OG_PORTEFOELJEOPTIMERING.pdf
mailto:analyse@asb.dk
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2 Basic matrix calculations 

The knowledge and understanding of matrix calculations is a necessity for the reader to benefit from the 

sections about portfolio optimization. The purpose of this section is to prepare the reader to the practical 

work in Excel. The reader should already be familiar with fundamental matrix algebra.  

 

Initially, Excel’s matrix functions are outlined function by function. Subsequently, a description follows on 

how Excel matrix calculations can be applied to solve linear equation systems, since this technique is 

applied as a part of the portfolio optimization calculations. 

 

The following chapter can be read and used independent of the portfolio optimization sections, as it is a 

general description of matrix calculation in Excel. Matrices are denoted using bold, capital letters. 

 

2.1 Matrix functions 

Excel feature four built-in matrix functions. These functions are array-type functions in the sense that they 

perform operations with cell ranges as input. A prerequisite for applying the functions is knowing 

dimensions of the output matrix. Further elaboration follows later in this chapter. 

 

The four matrix functions: 

MDETERM 

 

 

 

 

 

Returns the determinant of a matrix. If the matrix is not quadratic, the 

function will return the error code “#VALUE”. The determinant is used e.g. 

when solving equation systems using Cramer’s method and to determine the 

rank of a matrix. Notation: |A|. 

 

Example: =MDETERM(A1:B2) 

 

MINVERSE: Returns the inverse of a matrix. If the matrix is not quadratic, the function 

will return the error code “#VALUE”. If the matrix cannot be inverted 

(determinant = 0), error code “#NUM” is returned. The inverse matrix 

function is used when solving linear equation systems, incl. OLS optimization. 

Notation: A-1. 

 

Example: =MINVERSE(A1:B2) 
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MMULT Multiplies two matrixes. If dimensions do not match error code “#VALUE” is 

returned. To match, matrix A must have the same number of columns as the 

matrix B has rows – more on this in later examples. Notation: AB. 

 

Example: =MMULT(A1:B2;E1:F2) 

 

TRANSPOSE Transposes the matrix. If the transposition is unsuccessful the error code 

“#VALUE” is returned for matrices but no errors are returned for vectors.. 

Notation: A´. 

 

Example: =TRANSPOSE(A1:B2) 

   

In Danish versions of Excel the functions are named: MDETERM, MINVERT, MPRODUKT and TRANSPONER. 

 

When the output of the matrix operation is a matrix, only the first element of the resulting matrix is 

outputted in the cell. Therefore the latter 3 of the 4 functions only return the first element of the output 

matrix. The whole output matrix can be computed by following the instructions given below: 

 

1. Place the cursor in the result cell and select the entire output range. One must know the 

dimensions of the output matrix to perform this operation and the correct dimensions must be 

selected. 

2. Press F2. 

3. Hold down CTRL+SHIFT and press ENTER. Your output matrix is filled with the lacking elements. 

 

If you need to change an existing array calculation the procedure is as follows: 

 

1. Select the range containing the calculated matrix/vector (if the edit results in changing dimensions, 

select the range corresponding to the new output matrix) and activate the function editor, e.g. by 

pressing F2. 

2. Edit the function. 

3. Leave the function editor by holding down CTRL+SHIFT and pressing ENTER. The matrix is now 

updated. 

 

If the above procedure is not followed, Excel will return an error message. 
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2.1.1 Examples on application of Excel matrix functions 

The object is to calculate the product of the two matrices A and B in Figure 2.1 below. I.e. a 2x2 matrix is 

multiplied by a 2x3 which returns a 2x3 matrix. The formula for this operation is: 

 

E8 = MMULT(B3:C4;E3:G4). 

 

Besides 13 in the result cell (E8), the rest of the matrix was produced following the guidelines above. 

 

Figure 2.1: Multiplication 

 

 

Instead, if one wants to calculate the product of A and the inverse of A (A-1), the following formula must be 

inserted in E8: 

 

E8 = I = MMULT(MINVERSE(B3:C4);B3:C4). 

 

Note two things about this operation. First, matrix functions can be combined and inserted into each other 

and second, the formula above returns the identity matrix (I). The calculation is not shown in the figure, 

because it follows from the same principle as the regular multiplication. 

 

There are no specific matrix functions designed to add/subtract matrices in Excel. The usual operators are 

used: +/- signs. Now, to calculate the sum of matrix A and I (A + I), the following formula can be applied as 

shown in Figure 2.2 below. 

 

B7 = B3:C4+E3:F4. 

 

You can also subtract a number from all the elements of a matrix by typing: 



Portfolio Optimization and Matrix Calculation in Excel 

Basic matrix calculations 5 

 

 

E7 = B3:C4 - 2. 

 

Remember to conclude the operation with CTRL+SHIFT+ENTER! 

 

Figure 2.2: Addition and subtraction 

 

 

It is often very good idea to define a name for the cell range comprising the matrix, because this makes 

typing and editing much more convenient. Writing formulas using range/matrix names rather than actual 

cell references also provides a much more intuitive and easy-to-read overview of the formulas. Naming a 

matrix can be done as follows (see Figure 2.3): 

 
1. Select the cell range of the matrix 

2. In the box containing the cell index in the top left corner of the window (left of the function 

editor), type an appropriate name for the matrix and complete the action by pressing return.  This 

option can also be found under the tab Formulas using the Define name button. Now this name 

can be used as a matrix reference. 

 

Figure 2.3: Defining a name for a range 

  

Type: Results – 

click enter 
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If the matrices in Figure 2.2 had been named, the equation B7 = B3:C4+E3:F4 could have been calculated 

using: 

 B7 = A + I. 

 

2.2 Solving linear equation systems 

Matrix calculation in Excel can provide a significant advantage when solving complex linear equation 

systems with many unknown variables. The section shows how to solve the general problem of n equations 

with n unknown variables, illustrated with an example in section 2.2.1. The principle of the below example 

is applied several times in the portfolio optimization section. 

 

2.2.1 Example: 3 equations with 3 unknowns 

The following linear equations are given: 

X1 + 3X2 + 2X3 = 1 

3X1 + 2X2 + X3 = 2 

3X1 + 4X2 + 3X3 = 3 

 

In matrix notation the equation system can be written as: 

 AX + B 

Equivalent to: 

 

 

Thus, there is one solution to this equations system if the matrix A is invertible. Solving for X yields: 

 X = A-1B 

 

The system can be solved in Excel as shown in Figure 2.4. 
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Figure 2.4: Solving a linear equation system 

 

 

The formula in I3 is:  I3 = MMULT(MINVERSE(A);b) 

- The cell range of matrix A has been named A and the cell range of vector B has been named B. 

 

This concludes the introduction to matrix calculations in Excel and should provide sufficient background to 

enable the reader to understand and implement the following instructions on how to do portfolio 

optimization in Excel. 
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3 Portfolio Optimization 

Excel contains a number of functions that makes it relatively easy to model portfolio optimization. This 

chapter describes step-by-step how portfolio optimization is implemented using Excel. This section applies 

the framework of Markowitz (1952) known as Modern Portfolio Theory. Accordingly, the optimization is 

carried out via a trade-off between risk (standard deviation) and return taking a risk-less asset into account, 

thus providing the capital market line. For more on the origins of modern portfolio theory, see Tobin (1958) 

(introducing a risk-free asset), Lintner (1965) (CAPM), Mossin (1966) (CAPM) and Sharpe (1964) (CAPM). 

 

The purpose of portfolio optimization is to minimize risk (volatility) for a given return (or maximize return 

for a given level of risk) by constructing a portfolio, that satisfies this criterion. In practice, this is carried out 

in two steps by 1) tracing out the efficient frontier using a given set of risky assets and 2) deriving the 

capital market line (CML) that is tangent to the risky-asset frontier and has intersect in the risk-free rate. 

 

In the following sections we consider an example on real market data from three stocks and one bond. The 

example and preliminary calculations are presented in section 3.1 Notations and definitions are introduced 

in section 3.2 and three different methods for carrying out portfolio optimization in Excel are described in 

section 3.3 to 3.6. Lastly the optimization is combined with investor risk preferences (indifference curves) in 

chapter 4. 

 

3.1 Example and Preliminary Calculations 

In this section the data set that is the basis for the general example and the preliminary calculations is 

briefly described. The data set consists of three stocks and one bond and reaches over a period from 10 

April 2003 to 10 April 2008. The stocks are DSV, Københavns Lufthavne and William Demant, and the bond 

is a Citigroup Weighted Government bond index, but for simplicity the assets are denoted ‘Bond’ and ‘Stock 

A-C’ in this note. The data is extracted in monthly frequency from Datastream. The curious reader can try 

re-extracting the data for completeness. 
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Figure 3.1: Historical market data 

 

Source: Datastream 

 

A set of only 4 assets does not offer much diversification potential and thus the optimization will not be 

optimal in the sense of application. But 4 assets are sufficient for illustrating the principles and the general 

idea as one can easily extend the model by adding more assets. One could consider the stocks as being 

indices instead, thereby combining these 3 index portfolios and reaching higher diversification. Here we 

denote them as stocks, though. 

 

3.1.1 Calculating Returns 

The historical stock prices from Figure 3.1 are used to calculate monthly continuously compounded returns 

(log-returns). Cf. Benninga (2000), this is done using the following equation: 

 

, (Continuously compounded returns)  (3.1) 

 

where  is the return on asset i at time t and  is price of asset i at time t. Alternatively one can use the 

“traditional” discrete returns: 

 

. (Discrete returns)   (3.2) 

 

Taking dividend payments into account these return formulas can be written as: 

 

; (Continuously compounded returns)  (3.3) 
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, (Discrete returns)   (3.4) 

 

where  is the dividend payment on asset i at time t. In finance most often the continuously 

compounded returns are used. Since the assets in the data set does not pay out any dividends in the period 

(or are already adjusted for dividends) formula (3.1) is applied. This yields: 

 

Figure 3.2: Calculated returns 

 

As can be seen from Figure 3.2 one observation is lost because the first return calculation requires the first 

two price observations, thereby using the price observation from time t – 1 and time t. 

 

3.1.2 Calculating the Covariance Matrix 

Calculating the covariance matrix is a fundamental part of the portfolio optimization. Cf. Elton et al. (2007) 

the covariance can be calculated using the following formula: 

 

,     (3.5) 

 

where  and  are mean returns for asset i and j, respectively, and  and  are return at time t on 

asset i and k, respectively. The sum of multiplied deviations in each asset is multiplied by  indicating that 

the observations are seen as a population. Using  alternatively, one takes into account the loss of 

degrees of freedom associated with using a sample rather than the population (estimating the variance 



Portfolio Optimization and Matrix Calculation in Excel 

Portfolio Optimization 11 

 

parameter rather than knowing it). The latter is specifically important for small samples, but in this example 

 is used for the sake of simplicity and because the sample is fairly large. Note that the Excel covariance 

function (=COVAR()) also uses , while the Excel variance function (=VAR()) uses . 

 

Before calculating the covariance matrix, the mean returns for each asset are needed to calculate the 

return deviations from mean. This is done using the following expression: 

 

,     (3.6) 

 

where  is the mean return for asset i, which is calculated as the sum of returns divided by number of 

observation. The calculation of mean returns for the 4 assets is illustrated in Figure 3.3. 

 

Note that also the Excel function =AVG() (in Danish: =MIDDEL()) can be used to calculate the mean. 

 

Figure 3.3: Calculation of mean returns 

 

 

The covariances can now be calculated using formula (3.5) but this is relatively inconvenient especially if 

the number of assets is increased. Instead matrix notation and calculation is applied. To calculate the 

covariance matrix using matrix calculation functions requires the excess returns one will have to calculate 

the return deviations from mean. That is, the excess returns, which is defined by: 

 

,    (3.7) 

 

where  is return on asset i at time t and  is the mean return on asset i (Elton et al. (2007)). Note that 

the excess return is part of formula (3.5). In total the excess returns can be written in matrix form as: 
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This matrix can be calculated in Excel as is illustrated in  

 

Figure 3.4. 

 

Figure 3.4: Calculation of excess returns matrix 

 

 

When excess return matrix  is calculated the covariance matrix can be constructed. The 

covariance matrix is given by: 

 

, Covariance matrix (population)  (3.8) 

 

where  is the excess return matrix,  is the transposed excess return matrix and T is 

the number of observations or time periods. In smaller samples the corresponding covariance formula is as 

follows, cf. above on loss of degrees of freedom: 

 

, Covariance matrix (sample)   (3.9) 
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Applying the Excel matrix functions from section 2, the covariance matrix for the population (3.8) can be 

calculated applying the below expression: 

 

.   (3.10) 

 

See Figure 3.5 for the calculation. 

 

Figure 3.5: Calculation of the covariance matrix in Excel 

 

With the preliminary calculations carried out one can now proceed with the actual portfolio optimization 

techniques. 

 

 

3.2 Notations and Definitions 

The purpose of this section is to clarify notations and definitions through a general introduction, thus 

having established the framework to be used throughout the rest of this note. The notation in this note is 

consistent with the notation used in the course Asset Pricing I (Stefan Hirth) and to some extend Elton et al 

(2007). 

 

To find the optimal portfolio the objective is to compute the optimal portfolio weights. These portfolio 

weights are defined by: 
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,      (3.11) 

where X is the vector containing the portfolio weights and Xi is the portfolio weight assigned to asset i. The 

number of assets is denoted N. Thus, the transpose of the weight vector (X´) can be defined as: 

 

     (3.12) 

 

Likewise the expected returns on the assets need to be computed. That is, the mean returns. On vector 

form this can be written as:  

 

, (expected return)  (3.13) 

where E[R] denotes the vector containing the expected returns and E[Ri] denotes the expected return on 

asset i. Combining the weights of the assets with the expected returns on each asset, the total portfolio 

return can be found by computing the weighted average: 

 

 (portfolio return)  (3.14) 

 

The variance on the portfolio can be calculated as: 

 

 

(portfolio variance) (3.15) 

where  is the covariance matrix calculated in section 3.1.2 (Elton et al. (2007)). 

 

3.3 Methods of Portfolio Optimization Excel 

As mentioned in the introduction to this chapter the purpose of portfolio optimization is to find the so 

called efficient frontier that is traced out by the portfolios that minimize risk of a given return. This is a 

complex matter, and therefore several methods for computing the efficient frontier in practice exist. In this 

section three methods are presented, cf. Figure 3.6. 
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As can be seen from Figure 3.6, in this note, the methods are divided on whether or not short sale is 

allowed. For this note, little focus will be on the short sale restriction as it easily implemented/disregarded 

in the solver solution, while implementation in the Black’s and Lagrange’s method requires great and 

complicated extensions that goes beyond the scope of this note. The primary focus will be on Black’s 

method. 

 

Figure 3.6: Methodology 

 

 

 

 

 

 

 

 

The reason for introducing three methods of optimization is the method’s different level of complexity. The 

solver method is the most intuitive and as such also the method that has least requirements to the reader’s 

knowledge of matrix algebra and econometric techniques. Unfortunately the solver method also is the 

most time consuming method and provides the least accurate results. So, one must trade-off accuracy for 

calculation complexity. Both Black’s method and especially Lagrange’s method require thorough knowledge 

and understanding of matrix algebra and econometrics. These methods are more accurate and automatic 

methods of determining the efficient frontier, though. The reader’s knowledge of matrix calculations in 

Excel should determine the choice, keeping in mind that Black’s method is the most relevant for the 

courses taught at Aarhus School of Business. For combining portfolio optimization with investor risk 

preferences in the form of utility maximization see chapter 0. 

 

3.4 Black’s method 

This section provides a practical guide to the implementation and use of Black’s method to determine the 

optimal portfolio without short sales restriction. The portfolio optimization problem can be constructed as 

a minimization problem (minimizing portfolio variance) with an object function and a set of constraints 

(Elton et al (2007)): 

 

Object function:    (3.16) 

Is short sales allowed? 

Methods with short sales allowed: 

- Black’s method (section 3.4) 

- Lagrange’s method (section 3.5)   

(Solver method w/ VBA (section 3.6)) 

 

Methods with short sales disallowed: 

- Solver method w/ VBA (section 3.6) 

 

Yes No 
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Constraints:   (Portfolio return)  (3.17) 

   (The sum of portfolio weights equals 1) (3.18) 

  

The expression states that portfolio variance is minimized by adjusting portfolio weights, Xi. The expression 

is conditioned on the relation between portfolio return and the sum of weighted individual returns (3.17) 

and the portfolio weights summing to 1 (3.18). 

 

Then the Black’s optimization method is as follows: 

 Estimate 2 efficient portfolios (X and Y) by Black’s algorithm (3.4.1). 

 Estimate the efficient frontier (all efficient portfolios) by combining portfolio X and Y (3.4.2). 

 Derive the capital market line (CML) (3.4.3). 

 

3.4.1 Estimating the X and Y portfolios 

Cf. Benninga (2000) Black’s estimation of efficient portfolios takes the below linear equation system as 

starting point: 

 

,     (3.19) 

 

Where [E(R) – c] is the vector of expected returns subtracted by a constant c (scalar), Ω is the covariance 

matrix and Z is some vector that solves the equation. Solving for Z yields: 

 

     or equivalently     ´ 

      (3.20) 

 

The vector Z can be considered the unstandardized asset weights in the portfolio. Accordingly, the 

standardized and more meaningful weights Xi can be computed in the following way: 

 

,  alternatively   for portfolio Y,   (3.21) 

 

where Xi are the weights in some arbitrary efficient portfolio. The corresponding expected portfolio returns 

E[RP] and variances Var(RP) can be calculated using (3.14) and (3.15) (Benninga (2000)). 
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Essentially, the weights in the efficient portfolios X and Y can now be calculated using (3.21), setting c equal 

to 0 and some rate (an arbitrary scalar greater than 0) that can be considered the risk-free rate (or a “quasi-

risk-free rate”), respectively. c has some interesting interpretation. The obvious choice for c is the risk-free 

rate if a riskless asset exists. Alternatively, if no riskless asset exists, c has close resemblance to the zero-

beta rate called RZ (from the zero-beta CAPM). In fact c equals E[RZ]
 if the estimated market (tangent) 

portfolio is efficient. In this note, the case where a risk-free asset exists is considered for simplicity. In the 

following, c is used in the calculation techniques and RF is used for interpretation purposes and economic 

understanding. 

 

In Figure 3.7 below, Black’s method is outlined applying it on the example introduced in section 3.1. The 

figure shows how the efficient portfolios X and Y can be calculated with help from the corresponding 

formulas. 

 

Figure 3.7: Set-up for Black's method 
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Portfolio X, i.e. when c = 0, is then calculated step-by-step. The vector Z is calculated by inserting the 

covariance matrix and the mean returns, respectively, in (3.20): 

 

 

 

The Z coordinates are then inserted in formula (3.21), which yields the X vector of portfolio weights: 

 

 

 

Thereby, the portfolio weights for portfolio X are outputted and the portfolio’s expected return and 

variance can be calculated using (3.13) and (3.16): 

 

 

  

 

 

After computing the efficient portfolio X, the same procedure can be followed to calculate the efficient 

portfolio Y setting c equal to a constant resembling the risk-free rate. In this example c is set equal to 0.25% 

(per month). These calculations are not shown here, since they are simply a replication of the computations 

for X. Note, though, that the estimated Y portfolio will be equal to the so-called market portfolio when c is 

set equal to the risk-free rate RF. 

 

 

 



Portfolio Optimization and Matrix Calculation in Excel 

Portfolio Optimization 19 

 

3.4.2 Estimating the efficient frontier 

In modern portfolio theory it is of particular interest to trace out the critical frontier, since this consists of 

all efficient portfolios given the available assets. It represents the set entire set of portfolios that are 

perfectly diversified – that is, all portfolios (combinations of assets) that yield maximum return for a given 

level of risk/std. dev. Black (1972) has shown that the entire efficient frontier can be traced out by 

combinations of just 2 efficient portfolios – in this case X and Y. 

 

The principle is that given two efficient portfolios, all efficient portfolios will be combinations of these two. 

Given an arbitrary constant X (the weight in portfolio X) and 2 efficient portfolios X and Y, this means, that 

the following equation will produce an efficient portfolio, cf. Benninga (2000): 

  

   (3.22) 

 

All efficient portfolios can now be calculated by adjusting the constant w. This provides a very quick and 

easy way of tracing out the efficient frontier. When efficient portfolios are generated by (3.22), the 

corresponding expected returns E[Rp] and variances Var(Rp) can be calculated using the following 

equations, respectively: 

 

    (3.23) 

   (3.24) 

 

Where w is the share of portfolio X in portfolio P. The covariance Cov(X,Y) can be calculated as follows:  

  

,     (3.25) 

 

where the vectors X and Y contain the asset weights in portfolios X and Y, respectively, and  is the 

covariance matrix.   

 

The above equations and procedure are implemented in Figure 3.7. As can be seen in the figure, it is 

relatively easy to construct efficient portfolios by changing the constant w. 
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By restructuring the worksheet in Figure 3.7 it is very easy to create a series of efficient portfolios of which 

the optimal portfolio can later be selected. These somewhat auxiliary portfolios are illustrated in Figure 3.8: 

 

Figure 3.8: Computing the efficient frontier 

 

 

3.4.3 Deriving the capital market line 

All the calculated portfolios are now reviewed for their ”Reward-To-Variability Ratio”. This indicator 

measures the risk premium per unit of risk and is calculated by the following formula (Elton et al (2007)): 

 

      (3.26) 

 

Investors are interested in maximizing RTVR since this yields the highest possible return given the 

associated risk. Accordingly, the optimal portfolio can be found where RTVR is greatest, and is called the 

market portfolio. When a risk-free asset is introduced, one can construct a new efficient frontier consisting 

of combinations of the market portfolio and the risk-free asset, according to (3.22), thereby reaching a new 

series of optimal portfolios. Imposing a straight line between the risk-free asset and the market portfolio, 

yields the “capital market line”. The capital market line has intersect in RF, is tangent to the market 

portfolio (MP or TP for Tangent Portfolio) and has slope of RTVR. 

 

Note that the market portfolio is found exactly where the share invested in portfolio X is zero. The market 

portfolio is therefore identical to the Y portfolio, when c = RF as mentioned earlier.  
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The efficient frontier and CML are illustrated in figure 3.9, constructed using the Excel scatter plot function 

with soft curves. Risk/std. dev. on the x-axis, expected return on the y-axis:  

 

Figure 3.9: Graphical illustration of the efficient frontier and CML 

 

 

 

3.5 Lagrange’s method 

The Lagrange’s method is applicable to finding the optimal portfolio when short sales are allowed. The 

optimization problem is similar to the one used in Black’s method given in (3.17). 

 

Object function:    (3.27) 

 

Constraints:   (Portfolio return)  (3.28) 

   (The sum of portfolio weights equals 1) (3.29) 

 

The Lagrange’s method applies an analytical approach to solving (3.27). Thus, the Lagrange’s equation can 

be written as (3.30) Greene (2003): 

 

    (3.30) 
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In this case X represents a vector of portfolio weights.  represents the covariance matrix, λ is a vector 

which holds the Lagrange’s multipliers, R is a [i × 2] matrix that contains the expected returns in the first 

column and ones in the second column. The vector µ has dimensions [2 × 1] with mean portfolio return in 

the first row and one in the second row. 

 

The solution to the Lagrange’s equation follows from differentiating (3.30). This derivation is beyond the 

scope of this manual; hence the results will be applied as given. For further reference to the derivation, see 

Greene (2003).  

 

Differentiating (3.30) yields 

,     (3.31) 

 

where the matrix A is given by the following [2 × 2] matrix: 

     (3.32) 

 

The implementation in an Excel can be seen in the below Figure 3.10: 

 

Figure 3.10: Implementation of the Lagrange's method 
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Based on Figure 3.10, the following portfolio weights have been computed: 

 

 

 

The portfolio mean return = 0.50, which equals the target return. 

 

To calculate the efficient frontier it is needed to specify the target return within a suitable range and solve 

the Lagrange’s equation again. This technique can be seen from Figure 3.11. 

 

Figure 3.11: Computing the efficient frontier using Lagrange's method 

 

 

The Capital Market Line and the RTVR is calculated using the same technique as were used in section 3.4.3.  
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3.6 Solver method 

This section shows how Excel can compute optimal portfolio allocation when a short sales restriction is 

imposed. That is, short sales are disallowed. The method relies on Excel’s Solver function (Danish: 

Problemløser). This method is also very easily adjusted to solve the scenario without the short sales 

restriction. The manual procedure described in this chapter is equivalent to the one described in Benninga 

(2000). 

 

When using the Solver an error might occur, reading “Solver: An unexpected internal error or available 

memory was exhausted.” See appendix B for a solution to the problem. 

 

3.6.1 Solver method with manual iterations 

The Excel Solver uses iterative procedures to optimize a specified optimization problem. The method relies 

on the Newton-Raphson procedure to find the optimal solution. The method can be considered a way of 

simulating the optimization to process the optimal solution. The first step is to specify the optimization 

problem that the Solver has to solve. As for the general case of portfolio optimization this can be written 

as: 

 

Object function:    (3.33) 

 

Constraints:   (Portfolio return)  (3.34) 

   (The sum of portfolio weights equals 1) (3.35) 

 

 (Short sales restriction)  (3.36) 

 (no asset can exceed the weight of 1) (3.37) 

 

 

It is evident that the solution to the problem must hold a minimization of the portfolio risk without 

violating the specified constraints. The constraints state that the sum of the portfolio weights must equal 1, 

and that the individual portfolio weights cannot be negative due to the fact that short sales are not 

allowed. 

 

The model can be implemented in Excel as seen below in Figure 3.12. 
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Figure 3.12: Implementing the Solver method with short sales disallowed 

 

 

It follows that the starting point is the covariance matrix and the vector of portfolio weights. This 

information follows from previous computations. Furthermore, a vector of portfolio weights is specified, 

which contains the weights found by the Solver simulation. Having determined the covariance matrix, the 

expected returns matrix, the portfolio weights and the target return, the variance and the expected return 

of the optimal portfolio can then be calculated as listed below. 

 

Excel notation from selected cells:  

G19 =MMULT(TRANSPOSE(C19:C22);MMULT(C7:F10;C19:C22)) 

G21 =MMULT(TRANSPOSE(C19:C22);C13:C16) 

 

When running the Solver, inputs are set in accordance with the optimization problem specification in 

(3.33)-(3.36). The object function and the constraints are inputted as illustrated in the below Figure 3.13. 
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Figure 3.13: The solver dialog 

 

 

“Target cell” refers to the object function, which in this case is an expression for minimizing the variance for 

a given level of target return. “By Changing Cells” refers to the portfolio weights, which are adjusted during 

the simulation in order to reach the optimal solution. The constraints are listed in the “Subject to the 

Constraints:” frame. Constraints can be added by clicking “Add”. 

 

Figure 3.14: The short sales restriction 

 

 

When all the constraints have been added in dialog in Figure 3.14, click “Cancel” to return to the previous 

screen (Figure 3.13). When all information is set, simply press the button “Solve “. A new screen appears 

instantly, which reads that “Solver has found an optimal solution”. Click yes to keep this Solver solution. 

The results are now outputted to the spreadsheet. 

 

In this example the following results are computed, cf. Figure 3.12: 

PORTOLIO WEIGHTS 

Bond 0.0000 % 

Stock A 0.3824 % 

Stock B 0.6176 % 

Stock C 0.0000 % 

Portfolio return = 3.0 % (Target return) 

Portfolio variance = 24.9072 % 
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Now, a series of portfolios must be constructed to trace out the efficient frontier, in line with the previous 

sections. To construct these auxiliary portfolios, the portfolio’s target return must be changed in small 

intervals for each iteration. Subsequently, the portfolio has to be solved again after each of these changes – 

hence, after each iteration. For every iteration the portfolio weights, portfolio return and portfolio variance 

must be saved. An example of this can be seen in Figure 3.15. 

 

Figure 3.15: Efficient frontier auxiliary portfolios 

 

 

The capital market line is estimated as in Black’s method from section 3.4. Based on the values computed in 

Figure 3.15, we can plot the CML line and the efficient frontier in a scatter plot like demonstrated in Black’s 

method. 

 

3.6.2 Solver method with VBA automization (for Excel 2007) 

The standard method which calls for changing parameters to each iteration manually is a time-consuming 

task. Though, with some basic VBA programming this procedure can be turned into an efficient portfolio 

calculator. This extension to the Solver method can appear intimidating since some VBA programming is 

required but the code is provided in this section. Thus, the reader should be able to understand the most 

important parts of the code by studying the cell references and comparing these to the input frames in the 

Solver pop-up dialog box. The method in the spreadsheet works with Excel 2007 only - for an adaption to 

Excel 2003 see appendix A. 
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In brief, the VBA code is typed, edited and eventually has to be saved in a visual basic module, which is then 

linked to a button named “Solve portfolio”. It is important that the solver is installed before the procedure 

is run.  

 

The VBA code is presented in the following Figure 3.16. The VBA code can be seen in the visual basic editor 

associated with the Excel spreadsheet (click ALT+F11 to access this).  

 

Figure 3.16: VBA code for automating the Solver optimization method 

 

 

The first sub routine “Solve2()” calls the solver and is the same as the basic input dialog box for the Excel 

Solver function. Note the cell references to the variance and the portfolio weights. The Constraints are 

entered manually in Excel. If one would like to change the constraints this has to be done manually, but 

without pressing solve in the menu.  
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When pressing the solverbutton in the spreadsheet an inputbox emerges. This box asks for the specific 

interval change among the auxiliary portfolios. Since the solver solutions are unknown, one must enter 

different jumps in order to calibrate the efficient frontier. Recommended ranges vary. 

 

The sub routine “Doit()” refers to the actual procedure for calculating various portfolios in order to 

estimate the efficient frontier and the capital market line. Notice different range references. An example: 

the range “C29:I53” refers to the output range in the spreadsheet, where the results are stored. “Counter = 

1 to 25” indicates that we are simulating 25 portfolios (25 iterations). The results from each “solve” are 

then sent to the Results matrix. “Counter” represents each row in the matrix. By pressing the button “Solve 

portfolio” the VBA code is activated and the optimal portfolio is found – with automatic iterations.  

 

For modifications of the code to include more than 1 bond and 3 stocks one would have to change the 

Results range to include extra columns. An example of 1 bond and 5 stocks would require the Results range 

to be C29:K53, and the inclusion of e.g. Stock D and Stock E. 

 

Figure 3.17: Introducing more assets to the VBA Solver method
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4 Combining Portfolio Optimization with Investor Preferences 

Having determined the capital market line, all efficient portfolios have been identified as such. The market 

portfolio is the optimal portfolio but an investor might have different risk preferences than the market. 

Choosing the optimal investment for a particular investor to reflect his risk preferences is the final step of 

the portfolio selection process. 

 

The optimal investment choice can be identified by introducing utility theory. In portfolio optimization 

expected return risk space is considered implying a trade-off between risk and return. Therefore, if the 

investor is only concerned about maximizing return for a given level of risk, his utility function can easily be 

drawn in the same expected return risk space. That is, for all levels of utility the investor’s corresponding 

indifference curve can be derived, given a specific level of risk-aversion.  

 

For this section the optimal solution from Black’s method is applied. Consider the graphical illustration of 

the optimization. If the investor’s utility function is quadratic, the indifference curves can be shifted 

upwards and to the west until the CML is exactly tangent to the indifference curve. At the tangency point, 

the optimal portfolio choice can be found. 

 

Consider an investor with a quadratic utility function: 

,    (4.1) 

with a risk-aversion coefficient of λ = 0.5 and: 

     (4.2) 

    (4.3) 

 

Inserting (4.2) and (4.3) into (4.1) yields: 

     (4.4) 

   (4.5) 

   (4.6) 

 

The object is to maximize utility by adjusting the weight in the tangent portfolio X and the risk-free asset (1 

- X), respectively: 

 

 

   (4.7) 
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First order condition (FOC):   

    (4.8) 

     (4.9) 

     (4.10) 

      (4.11) 

 

Thus, the optimal weight in the tangent portfolio is . 

 

Using this result X, (1 - X), E[RP], std.dev. and U can easily be calculated. Below in  

Figure 4.1 these parameters are calculated for different values of the risk aversion coefficient λ to illustrate 

the convenience of the result – the optimal solution for any given level of risk aversion can be computed 

similarly to the λ = 0.5 case. 

 

Figure 4.1: Market portfolio scale chosen under different levels of risk aversion 

 

 

Given the CML from Black’s method, the quadratic utility function (4.1) and risk aversion level of 0.5, the 

maximum utility is 0.5654. 

 

To illustrate this graphically with the efficient frontier and CML only the scenario with risk aversion level of 

0.5 is considered. In order to place the utility optimization problem in mean-variance space, the utility 
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function must be rewritten to express return as a function of standard deviation, for a given level of risk 

aversion and corresponding utility. Rewriting (4.1) yields: 

  

 

      (4.12) 

 

Accordingly, the following plot points can be computed to serve as coordinates for the indifference curve 

(Figure 4.2). 

 

Figure 4.2: Indifference curve plot points with risk aversion = 0.5 

 

 

And finally, the indifference curve can be plotted with the Black’s method efficient frontier and CML using 

the scatter plot diagramming function: 
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Figure 4.3: Graphical illustration of particular investor's portfolio selection

 

 

This concludes the manual with a graphical illustration of the portfolio chosen by a particular investor given 

his risk preferences. The optimal portfolio for this investor is found at the tangency point of CML and the 

indifference curve corresponding to a utility level of 0.5654. 
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Appendix A 

When the spreadsheet “Portfolio optimization incl. vba - Office 2007” is opened in Excel 2003 and one tries 

to run the “Solve portfolio” button/macro, an error will occur. This chapter includes a guide to correcting 

this error in order to enable the VBA code to work with Excel 2003 or previous versions. The steps are 

explained with the following screenshots. For simplicity two separate spreadsheets for Excel 2003 and 2007 

are available. 

 

When pressing the Solver button in the spreadsheet the following error will show: 

Figure A-1 

 

 

The first step is to press the square stop button in Figure A-2, to stop or reset the code. Else wise, the code 

cannot be edited. 
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Figure A-2 

 

 

The error occurs due to a slight incompatibility between Excel 2003 and Excel 2007. In Excel 2007 the Solver 

add-in file has been moved to another location compared to Excel 2003 and therefore one has to change 

the reference in the VBA code to fit the correct reference when running Excel 2003. The next step is to click 

on Tools  References. The reference MISSING: SOLVER.XLAM should be viewable. Thus, we need to 

locate the Solver add-in manually and restore the reference to the correct location. Click on “Browse...” in 

the right hand side. 

Figure A-3 

 

 

The solver add-in is usually located in the following path: 

“C:\Program files\Microsoft Office\Office 11\Library\Solver\Solver.XLA” 
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The library could be Office11, Office10 or Office12 depending on the local machine. Locate the file as 

follows and double-click on it. Note that in the folder “Solver”, one must choose a “Microsoft Office Excel 

Files (*.xls, *.xla)” to be able to see and select the “Solver.XLA”- file. See Figure A-4 and A-5 below: 

 
Figure A-4 

 

Figure A-5 

 

When you have located the Solver add-in and clicked on open, the following screen should be available in 

the References (Figure A-11): 
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Figure A-6 

 

The next step is to uncheck “MISSING: SOLVER.XLAM” and click OK, since the correct Solver reference has 

now been added and the old one then must be removed. See Figure A-7 below: 

Figure A-7 

 

 

The final step is to save the spreadsheet as a “Microsoft Excel 97- Excel 2003 & 5.0/95 Workbook”-file 

(*.xls), close the spreadsheet and open it again: 
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Figure A-8 

 

Now try running the Solver from the newly opened Solver worksheet again by pressing the “Solve portfolio” 

button. The code should now run without errors producing the optimal solution in the spreadsheet. 
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Appendix B 

In some cases the Solver does not launch but returns you the following error message instead: 

“Solver: An unexpected internal error or available memory was exhausted.” (both Excel 2003 and 2007). 

 

It is due to a flaw in the program but fortunately it can be easily bypassed. The solution is uninstall and 

reinstall the Solver tool add-in. 

 

1) Therefore go to the Office button (top left) -> Click Excel option... -> Choose Add-ins in the left 

panel -> select Excel Ad-ins in the drop-down box -> Click Go... 

2) Now uncheck the add-in Solver and click Ok. 

3) Repeat 1) 

4) Check the add-in Solver and click Ok. 

 

You have now uninstalled/reinstalled the Solver and the Solver is repaired and ready to use. 

 

Note that you must not close Excel after this procedure. In case you do, the error might pop-up again and 

you will have to follow the procedure above to fix the error again. 

 


